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History of the Integral 

Integral calculus originated with quadrature and cubature problems. To solve a 
quadrature problem means to find the exact value of the area of a two-dimensional region 
whose boundary consists of one or more curve(s), or of a three-dimensional surface, 
again whose boundary consists of at least one curve. For a cubature problem, we want to 
determine the exact volume of a three-dimensional solid bounded at least in part by 
curved surfaces. Today, the use of the term quadrature hasn't changed much: 
mathematicians, scientists, and engineers commonly say that they have "reduced a 
problem to a quadrature," and mean that they have taken a complicated problem, 
simplified it by various means, and now the problem can be solve by evaluating an 
integral. 

Historically, Hippocrates of Chios (ca. 440 B.C.) performed the first quadratures when he 
found the areas of certain lunes, regions that resemble the moon at about its first quarter. 
Antiphon (ca. 430 B.C.) claimed that he could "square the circle" (i.e. find the area of a 
circle) with an infinite sequence of inscribed regular polygons: first, a square; second, an 
octagon; next, a 16-gon; etc., etc. His problem was the "etc., etc.." Because Antiphon's 
quadrature of the circle required an infinite number of polygons, it could never be finished. / 
He would have had to use the modern concept of the limit to produce a rigorous 
mathematical completion of this process. But Antiphon did have the start of a major idea, 
now called the method of exhaustion. More than 2000 years later, we credit Eudoxus (ca. 
370 B.C.) with the development of the method of exhaustion: a technique of 
approximating the area of a region with an ever increasing number of polygons, with the 
approximations improving at each step and the exact area being attained after an infinite 
number of these steps; this technique has been modified to attack cubatures also. 

Archimedes (287-212 B.C.), the greatest mathematician of antiquity, used the method of 
exhaustion to find the quadrature of the parabola. Archimedes approximated the area 
with a large number of ingeniously constructed triangles and then used a double reductio 
ad absurdum argument to prove the result rigorously and avoid any of the metaphysics of 
the infinite. For the circle, Archimedes first showed that the area depends upon the 
circumference; this is very easy for us to verify today, since both formulas depend on n . 
Then, Archimedes approximated the area of the circle of unit radius using both inscribed 
and circumscribed regular 96-gons! His famous result was 3 10/71 < 7i< 3 1/7; but as 
these were only approximations, in the strict sense, they were not quadratures. This 
technique refined the method of exhaustion, so that when there are an infinite number of 
polygonal approximations, it is called the method of compression. Archimedes' process 
for finding the area of a segment of a spiral was to compress this region between sectors 
of inscribed and circumscribed circles: his method of determining the volume of a conoid 
(a solid formed by revolving a parabola around its axis) was to compress this solid 
between inscribed and circumscribed cylinders. In each case, the final step that rigorously 
established the result was a double reductio ad absurdum argument. 
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In perhaps his most famous work of all, a tract combining mathematics and physics, 
Archimedes employed indivisibles to estimate the center of gravity of certain 
two-dimensional regions and three-dimensional solids. (Archimedes acknowledged that 
while this work very strongly suggested the truth of his results, it also lacked full logical 
rigor.) If we consider one of these regions to be composed of an infinite number of 
straight lines, of varying lengths, then these lines are called indivisibles. Similarly, when 
the composition of a three-dimensional solid is thought of as an infinite number of circular 
disks, of varying radii but with zero thickness, then these disks are known as indivisibles. 

Muslim mathematicians of the 9 th through the 13 th centuries were great students of 
Archimedes, but they never knew about Archimedes' determination of the volume of a 
conoid. So, one of the most notable of all Arabic mathematicians, Thabit ibn Qurrah 
(826-901) devised his own rather complicated cubature of this solid, and then the 

Persian scientist Abu Sahl al-Kuhi (10 th century) considerably simplified Thabit's process. 
Ibn al-Haytham (965-1039), known in the West as Alhazen and famous for his work in 
optics, used the method of compression to find the volume of the solid formed by rotating 
the parabola around a line perpendicular to the axis of the curve. 

During medieval times in the West, progress was made in applying the ideas of calculus 
to problems of motion. William Heytesbury (fl. 1335), a member of the notable group of 
scholars at Merton College, Oxford, first devised methods for the determination of the 
velocity and then the distance traveled of a body that was assumed to be in "uniform 
acceleration." Today, we can achieve these results by finding two indefinite integrals, or 
antiderivatives, in succession. News of this work of Heytesbury and his Merton colleagues 

reached Paris later in the 14 th century where Nicole Oresme (1320--1382) represented 
both velocities and times as line segments of varying lengths. Oresme packed a body's 
velocity lines together vertically, much like Archimedes' indivisibles, over a horizontal base 
line, and the whole configuration, as he called it, represented the total distance covered 
by the body. In particular, the area of this configuration was called the "total quantity of 
motion" of the body. Here we have precursors to modern graphs, and the birth of 
kinematics. 

As Europeans began seriously to explore the globe, they wished to have a map of the 
world on which certain straight lines would represent the rhumb lines on the earth's 
surface. There have been several solutions to this problem, but the most famous solution 
was the Mercator projection, even though Gerard Mercator (1512-1594) did not explain 
its geometric principles. That task was taken up by Edward Wright (1561 -161 5) who, in 
addition, provided a table that showed that distances along rhumb lines would be closely 
approximated by summing the products (sec <t> A § ), where § is the latitude; i.e., by 
approximating the integral of sec <|> . 

In his New Stereometry of Wine Barrels (1615), the famous astronomer Johannes Kepler 
(1571-1630) approximated the volumes of many three-dimensional solids, each of which 
was formed by revolving a two-dimensional region around an axis line. For each of these 
volumes of revolution, he subdivided the solid into many very thin slabs or disks called 
infinitesimals (note the difference between infinitesimals and Archimedes* indivisibles). 
Then, in each case, the sum of these infinitesimals approximated the desired volume. 
Kepler's Second Law of Planetary Motion required quadratures of segments of an ellipse, 
and to approximate these areas, he summed up infinitesimal triangles. 
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Bonaventura Cavalieri (1598-1647), a student of Galileo , developed a whole theory of 
indivisibles. For a two-dimensional region, Cavalieri considered the collection of "all the 
lines" to be a single number, the area of the region. Christiaan Huyqens (1629-1695) 
criticized, "As to Cavalierian methods: one deceives oneself if one accepts their use as a 
demonstration but they are useful as a means of discovery preceding a demonstration 
...that is what comes first...." Evanaelista Torricelli (1608-1648), another disciple of 
Galileo and a friend of Cavalieri, attempted to reconcile some of the difficulties with 
indivisibles by asserting that lines could have some sort of thickness. He was careful to 
use reductio ad absurdum arguments to prove quadratures he obtained by indivisibles. 
"Gabriel's Horn" is an "incredible" cubature that Torricelli discovered. 

Pierre Fermat (1601-1665) devised a technique for finding the areas under each of the 
"higher parabolas" (y = kx", where k> 0 is constant and n - 2, 3, 4, ...) using narrow 
inscribed and circumscribed rectangles to lead to the method of compression. Then he 
employed a geometric series to do the same for each of the curves y = kx", for n = -2, -3, 

_4 But, to his disappointment, he was never able to extend these processes to the 

"higher hyperbolas", y™ = kx". By the 1640s, the general formula for the integral of the 
higher parabolas was known to Fermat, Blaise Pascal (1623-1662), Gilles Personne de 
Roberval (1602-1675), Rene Descartes (1596-1650), Torricelli , Marin Mersenne 
(1588-1648), and probably others. 

John Wallis (1616-1703) was strongly committed to the relatively new algebraic notation, 
whose development was such a feature of 17 th century mathematics. For instance, he 
treated the parabola, ellipse, and hyperbola as plane curves defined by equations in two 
variables rather than as sections of a cone. He also invented the symbol » for infinity 
and, in using it, obscured places where we now know he should have used the limit. He 
extended the quadrature formula for y = kx" to the cases when n was a positive rational 
number by using indivisibles, clever ratios, and appeals to reasoning by analogy. Wallis' 
dependence on formulas led him to a number of interesting quadratures. 

Roberval exploited Cavalieri's Principle to find the area under one arc of the cycloid. 
Roberval and Pascal were the first to graph the sine and cosine functions and to find the 
quadratures of these curves (for the first quadrant). Pascal approximated double and 
triple integrals using triangular and pyramidal sums. But these were not cubatures, rather 
they were steps in his effort to calculate the moments of certain solids for each of which 
he then determined the center of gravity. 

Finally, Gregory St. Vincent (1584-1667) determined the area under the hyperbola, xy = 
1 , by using narrow inscribed and circumscribed rectangles of specially designed unequal 
widths and the method of compression. St. Vincent extended this and other quadratures 
to find many cubatures. Very shortly thereafter, his student, Alfonso Antonio de Sarasa 
(1618-1667) recognized that the quadrature of the hyperbola is closely connected to the 
product property of the logarithm! 

Following a suggestion of Wallis, in 1657, William Neile (1637-1670) determined the 
length of an arbitrary section of the semi-cubical parabola, y 2 = x 3 , and in 1658, 
Christopher Wren (1632-1723), the famous architect, found the length of one arch of the 
cycloid. In 1659, Hendrick van Heuraet (1634~ca.1660) generalized this work by 
summing infinitesimal tangents to a curve, thereby deriving the essence of our modern 
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method of rectification - using an integral to find the length of an arc. 

In geometric form, much of the calculus of the first two-thirds of the 1 7 th century 
culminated in The Geometrical Lectures (1670) of Isaac Barrow (1630-1677). Barrow 
relinquished his position as Lucasian Professor at Cambridge in favor of his former 
student, Isaac Newton (1642-1727). Newton followed James Gregory (1638-1675) in 
thinking of the area of the region between a curve and the horizontal axis as a variable; 
the left end of the region was fixed, but the right end was allowed to vary. This device 
allowed him to extend some of Wallis' quadrature formulas and it led him to the 
Fundamental Theorem of Calculus. Newton's last work on calculus, and also the first to 
be published, was his essay, "On the Quadrature of Curves," written during 1691-1693 
and published as an appendix in the 1 704 edition of his Opticks. Here he constructed an 
extensive table of integrals of rather complicated algebraic functions, and for curves for 
which he could not derive integration formulas, he devised geometric techniques of 
quadrature. Using the Fundamental Theorem of Calculus . Newton developed the basic 
techniques of evaluating integrals used today, including the method of substitution and 
integration by parts. 

To Gottfried Wilhelm Leibniz (1646-1716), a curve was a polygon with an infinite number 
of sides. Leibniz (1 686) let y represent an ordinate of the curve and dx the infinitesimal 
distance from one ordinate to the next, i.e., the difference between "successive" 
abscissae. Then he said, "I represent the area of a figure by the sum of all the 
[infinitesimal] rectangles contained by the ordinates and the differences of the abscissae 
. . . and thus I represent in my calculus the area of the figure by J y dx." Leibniz took the 
elongated "S" for the integral from the Latin summa and the d from the Latin differentia, 
and these have remained our most basic calculus notations ever since. He considered 
calculus computations to be a means of somehow abbreviating the classical Greek 
method of exhaustion. Leibniz was ambivalent about infinitesimals, but he believed that 
formal calculus computations could be trusted because they yielded correct results. 

The term integral, as we use it in calculus, was coined by Johann Bernoulli (1667-1748) 
and first published by his elder brother Jakob Bernoulli (1654-1705). Mainly as a 
consequence of the power of Newton's and Leibniz's Fundamental Theorem of Calculus, 
integrals were simply regarded as "reverse" derivatives . Area was an intuitive notion, 
quadratures that could not be found using the Fundamental Theorem of Calculus were 
approximated. Even though Newton had made a very imperfect stab at the idea of a limit, 
no one in the 17 th or 18 th centuries had the foresight to combine limits and areas to 
define the integral mathematically. Instead, with great ingenuity, many clever integration 
formulas were developed. At about the same time as Newton's table of integrals was 
published, Johann Bernoulli devised systematic procedures for integrating all rational 
functions, what we now call the method of partial fractions. These rules were neatly 
summarized in Leonhard Euler's (1707-1783) encyclopedic three-volume work on 
integral calculus (1768-1770). Incidently, these efforts stimulated increased interest 
during the 18 th century in factoring and solving higher degree polynomial equations. 

While describing the paths of comets in the Principia Mathematica (1687), Newton posed 
a problem with major implications for calculus: "To find a curved line of the parabolic kind 
[i.e., a polynomial] which shall pass through any given number of points." Newton 
rediscovered the interpolation formula of James Gregory (1638-1675); today, it is called 
the Gregory-Newton formula, and in 171 1 , he pointed out its importance: "Hence the 
areas of all curves may be nearly found ... the area of the parabola [polynomial] will be 
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Fundamental Theorem of Calculus]. Newton is m o v r.nlin Maclaurin 

various times by the sel -educated mathematician 

ffi3S^S»)fc^ hasV^fpopular and useful special case 
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Abel (1802-1829) also pointed out certain delicate errors when using Cauchy s integral to 
integrate every term of an infinite series of functions. 

The f.rst rigorous pr^ 
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Riemann and others, but there were still difficulties with integrals and infinite series that 
were not worked out until the early years of the 20 th century. 
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